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Abstract. We model a simple problem in advertising as a strategic tim-
ing game, and consider continuous and discrete versions of this game. For
the continuous game, we completely characterize the Nash equilibrium
for two players. For the discrete game, we give an efficient algorithm to
compute the Nash equilibrium for n players.

We consider a model with a single shared register, a stream of readers arriving
at a constant rate in the interval [0, 1], and a set of writers that each write to
the register one time. We interpret the value of the register as an advertisement,
the readers as customers, and the writers as advertisers. The register represents
any public space such as an ad on a web page or an entry in a system directory.
The register’s value might be a link to a web site or a pointer to some service,
resource, or product. Since the advertiser’s goal is to maximize the number of
customers seeing its ad, and since the customers arrive at a constant rate, this is
equivalent to maximizing the length of time the ad is in the register before it is
overwritten by another ad. Since each advertiser can write its ad to the register
only once, when should it write?

We model this problem as a non-cooperative, complete-information strategic
game, a game we call the publicity game. The publicity game is a symmetric
game with n players, each player i chooses a number x; € [0,1], and the payoff
to player i is the distance from x; to the next point. Formally, given the choices
x1,...,&n of the players, we define bigger(i) = {z; | ; > x; and j # i} and
next(i) = min bigger(i). The payoff for player 7 is defined by

next (i) — x; if bigger(i) # 0
1—x; otherwise

Ui (1, Ty, Ty) = {

Note that if two players happen to choose the same value, the payoff to both of
them is 0. We consider other payoffs to colliding players in the full paper.

Our publicity game is a new variant of “timing games” like “War of Attrition”
[2, 3, 5], but our payoffs do not change with time as in that game, and the work of
Baye et al. [1] is also related to some of our results for the two-player game. Our
game superficially resembles the Hotelling location games [4], but these games
either are zero-sum or they involve pricing, and are fundamentally different.

The publicity game has only mixed-strategy equilibria:



Theorem 1. There is no equilibrium of pure strategies for the publicity game.
It is not hard to bound the game value of symmetric equilibria:

Theorem 2. Ifv is a symmetric equilibrium value for the publicity game with n
players, then 1/(n+1) <v < 1/n.

In fact, as we now show, we can compute this game value quite accurately, and
prove it is unique.

We cannot compute the game value for n players exactly, but we can find a
closed form for the special case of two players.

Theorem 3. There is a Nash equilibrium for the two-player publicity game de-
fined by

1—x 7
0, otherwise

fi(z) =

This equilibrium in unique up to a set of points in [0, 1] of measure zero, and the
expected payoff for each player is *

PR

{L if 0<z<1-1

We can approximate the game value for n players if we restrict attention to
a discrete version of the publicity game that restricts players to choosing one
of the k£ 4+ 1 points {O, %, %, cee 1}. In the full paper, we give an algorithm
EQUILIBRIUM(n, k, €) that approximates the symmetric equilibrium value v to
within € by doing a binary search for v and inductively computing the prob-
abilities the symmetric equilibrium assigns to the discrete points in the unit

interval.

Theorem 4. There is a unique symmetric equilibrium to the discrete publicity
game, and EQUILIBRIUM(n, k, €) computes the equilibrium value to within .

This algorithmic approach to finding the equilibrium for the n-player game is
interesting, because the differential equations that characterize the equilibria to
general n-player games are often quite hard to solve.

This paper is a first step toward understanding the effect of delayed actions
on the outcome of timely games. These games arise naturally in many situations
such as recommendation systems and other economic systems. To this end, we
have defined and analyzed a simple game we called the publicity game. To the
best of our knowledge, this is the first time this game is explicitly addressed.
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